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Using Hartree–Fock, B3LYP, and MP2 treatments, the optimal boat-shaped geometries and
corresponding electronic structures of [Pb6Om(µ3-OH)n]q complex cations with total charges
q = 12 – 2m – n, m = 0 or 1, n = 6 or 8, are investigated. Whereas the [Pb6(µ3-OH)6]6+ cation
is unstable, the remaining structures preserve C2v symmetry. Direct Pb–Pb interactions are
weakly antibonding in all the systems under study. The clusters are held together exclu-
sively by relatively weak Pb–O bonds. The effects of central O and two additional µ3-OH
bridges in [Pb6O(µ3-OH)8]2+ are not fully cooperative. [Pb6O(µ3-OH)6]4+ and [Pb6(µ3-OH)8]4+

may coexist in water solutions in comparable concentrations.
Keywords: Lead(II) clusters; Hydroxo complexes; Molecular structure; Geometry
optimizations; Ab initio calculations.

The water pollution by lead(II) compounds is of great importance due to
their toxicity, but only few studies focussed on the structure of products of
their hydrolysis. The formation and precipitation of [Pb(II)x(O,OH)y]

n+ spe-
cies in aqueous systems has many important implications. Structural char-
acterization of these compounds in solutions is important for understand-
ing the mechanism of lead transport in natural systems.

According to precise potentiometric titration data1, [Pb6(OH)8]4+ complex
cations are the largest ones formed in hydrolysis of lead(II) in perchlorate
and nitrate solutions over a broad concentration and pH range. X-ray dif-
fraction studies2 of concentrated alkaline solutions of lead(II) perchlorate
with the molar ratio OH/Pb 4:3 indicate that each lead atom in this species
is surrounded by four other Pb atoms on average, at a distance of about
3.85 × 10–10 m. Two more distances of lower frequencies occur at
6.37 × 10–10 and 7.1 × 10–10 m. No attempt has been made to locate the ox-
ygen atoms, although the shortest Pb–O distances between 2 × 10–10 and

Collect. Czech. Chem. Commun. (Vol. 69) (2004)

Boat-Shaped Hexalead(II) Cations 2055

doi:10.1135/cccc20042055



3 × 10–10 m are clearly indicated in the radial distribution curves. Unfortu-
nately, the solution X-ray data cannot be used for more definite conclu-
sions about the oxygen positions.

Additional information may be deduced from the analogy with known
crystal structures. Clusters with composition [Pb6O(OH)6] were found in
both polymorphs3,4 of [Pb6O(OH)6](ClO4)4·H2O and in [Pb6O(OH)6](ReO4)4·
H2O (lit.5). The six Pb atoms in [Pb6O(OH)6]4+ occupy the vertices of three
distorted Pb4 tetrahedra connected by common faces (Fig. 1). On the other
hand, in Pb3O2(OH)2, a topologically different and electrostatically neutral
cluster, [Pb6O4(OH)4], has been found6; it can be described as an almost reg-
ular Pb6 octahedron whose eight triangular faces are “topped” by O atoms
or OH groups. Isolated [Pb6O2] clusters (two OPb4 tetrahedra sharing an
edge) occur in Pb3UO6 (lit.7).

Since the potentiometric measurements cannot differentiate between
one O2– and two OH– groups, the presence of [Pb6(OH)8]4+ as well as
[Pb6O(OH)6]4+ clusters in perchlorate solutions is possible2. Due to the
width of the peaks in the radial distribution function at large interatomic
distances, the X-ray measurements cannot be used to decide which of the
above two clusters is most related to the species occurring in solution. In
analogy with the crystal structures of [Pb6O(µ3-OH)6](XO4)4·H2O, (X = Cl or
Re)3–5, Johansson and Olin2 have assumed a boat-shaped arrangement of
six lead atoms which can be considered as three face-sharing Pb4 tetrahedra
with central oxide ion inside the central Pb4 tetrahedron and six µ3-OH
bridges over external faces of the remaining ones (Fig. 2).

Isolated [Pb4(µ3-OH)4]4+ complex cations (without central oxide atom) are
present in solution2,8 as well as in the solid [Pb4(µ3-OH)4]3(CO3)(ClO4)10·
6H2O (lit.9) and [Pb4(µ3-OH)4](ClO4)4·2H2O (lit.10) structures. The same cluster
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FIG. 1
Arrangement and notation of Pb atoms in boat-shaped hexalead(II) complexes
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occupies the sodalite cage11 in zeolite X and is present in maricopaite12,
Pb7Ca2[Al12Si36(O,OH)100]·n(H2O,OH), n ≈ 32 and in [Pb4(OH)4](NO3)4 (lit.8).

Hexalead(II) solid structures of α- and β-forms3,4 of [Pb6O(µ3-OH)6](ClO4)4·
H2O as well as [Pb6O(µ3-OH)6](ReO4)4·H2O (lit.5) contain central oxo-centered
OPb4 as well as lateral empty Pb4 tetrahedra. On the other hand, some solid
crystals obtained from alkaline lead(II) solutions contain infinite [O2Pb3]
double chains of exclusively oxo-centered OPb4 tetrahedra13 (each tetrahedron
has two topologically distinct Pb vertices: two “outer” Pb atoms are shared by
two OPb4 tetrahedra, whereas the other two “inner” Pb ones are shared by
four OPb4 tetrahedra). This implies that the Pb4 tetrahedra sharing two and
more faces are not stabilized by “outside” µ3-OH bridges and one of these
bridges is converted to “inner” oxide anion. The resulting OPb4 tetrahedra
cannot contain any additional µ3-OH bridges.

Based on very simple quantum-chemical models, Bengtsson and
Hoffman14 concluded that dilead structure units are stabilized by partial
Pb–Pb bonding induced by bridging hydroxide ions. The strongest Pb–Pb
bonds were deduced in complexes with predominantly ionic lead–anion in-
teractions. They concluded that larger hydroxo/oxo clusters in aqueous so-
lutions also seem to be stabilized by partial Pb–Pb bonding whereas in the
solid structures of isolated hydroxo/oxo clusters Pb–O bonding predomi-
nates (only long Pb–Pb contacts have been found). The concept of direct
Pb–Pb bonding is used also in chemistry textbooks15.

On the other hand, semiempirical quantum-chemical studies16 indicate
that the individual Pb atoms are bonded only via OH bridges due to vanish-
ing Pb–Pb bonds. The stability of individual isomers increases with the
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FIG. 2
Geometry of [Pb6O(µ3-OH)6]4+ cluster



number of OH bridges. Moreover, an ab initio MP2 study on dilead hydroxo
complexes17 indicates a weakly repulsive character of mutual Pb(II)–Pb(II)
interactions. Other MP2 studies are restricted to the structure and vibra-
tional spectra of [Pb4(OH)4]4+ (lit.18) and [Pb6O(OH)6]4+ (lit.19) clusters.

The aim of this study is ab initio investigation of stable geometries and
corresponding electronic structure of boat-shaped hexalead(II) clusters with
various numbers of hydroxide bridges and the role of the central oxygen
atom in these complexes. This might be helpful for understanding the
mechanisms of their formation in aqueous solutions and subsequent crys-
tallization in real solid systems.

CALCULATIONS

Using Gaussian 94 program package20, the optimal geometries of tetra-
hedral [Pb6(µ3-OH)n]q and [Pb6O(µ3-OH)n]q–2 complex cations with total
charges q = 12 – n , n = 6 or 8, are investigated within standard restricted
Hartree–Fock (HF), B3LYP and MP2 treatments21,22 using standard accuracy
parameters. Dunning–Huzinaga full double zeta basis sets with polarization
functions have been used for O and H atoms23 whereas the LANL2DZ effec-
tive core potential and (3s,4p,1d)/[2s,3p,1d] basis set24,25 with diffuse and
polarization functions25,26 have been used for Pb atoms. Electron structure
parameters have been evaluated in terms of Mulliken population analysis
(gross atomic charges, overlap populations).

RESULTS AND DISCUSSION

Lead atoms numbering of the hexalead boat-shaped complex cations under
study is given in Fig. 1. The oxygen atom located in the center of
Pb(1)Pb(1′)Pb(2)Pb(2′) tetrahedron is denoted as O(central) (see, e.g., Fig. 2)
whereas the remaining oxygen and hydrogen atoms of bridging OH are
labeled according to the bonded lead atoms (e.g., O(11′3) atom is bonded
to Pb(1), Pb(1′) and Pb(2) whereas H(11′3) is bonded to O(11′3)).

Our study began with geometry optimization of [Pb6O(µ3-OH)6]4+ in
experimental geometry (see Fig. 2). The starting geometry of the remain-
ing complex cations was obtained by adding two µ3-OH bridges ([Pb6O-
(µ3-OH)8]2+) or removing O(central) atom ([Pb6(µ3-OH)6]4+) or both ([Pb6-
(µ3-OH)8]6+).

Our results indicate that the [Pb6(µ3-OH)6]6+ system is unstable, i.e. splits
into two parts, whereas the remaining structures preserve the C2v symmetry
(the only exception is the Hartree–Fock-optimized [Pb6(µ3-OH)8]4+ system –
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its instability illustrates the necessity of the correlation effects inclusion).
This implies that primed atoms are symmetry related with the unprimed
ones by mirror planes (Fig. 1). The geometry parameters of the stable sys-
tems (Figs 2–4) are described in Tables I–III and compared with experimen-
tal X-ray interatomic distances (the angles for solvent are unknown2, the
averaged angles for solids are not presented due to very large standard devi-
ations3–5). Our structure data for [Pb6O(µ3-OH)6]4+ agree with the results of
Jensen’s MP2 calculations using SDD basis sets (differences of interatomic
distances below 0.05 × 10–10 m except O(113) atoms positions)19 and are in
reasonable agreement with corresponding solution2 as well as averaged
solid structure3–5 data (MP2 interatomic distances are within standard devi-
ations except Pb(1)–Pb(1′) and Pb(2)–Pb(2′), this affects also Pb(2)–Pb(3′)
and Pb(3)–Pb(3′) distances).
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FIG. 4
Geometry of [Pb6O(µ3-OH)8]2+ cluster

FIG. 3
Geometry of [Pb6(µ3-OH)8]4+ cluster
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TABLE II
Selected structure data for [Pb6(µ3-OH)8]4+ complex cation (Fig. 3)

Distances
10–10 m

B3LYP MP2 Angles, ° B3LYP MP2

Pb1–O11′3 2.412 2.452 Pb1–O11′3–Pb1′ 101.3 101.2

Pb1–O122′ 2.241 2.293 Pb1–O11′3–Pb3 121.1 118.7

Pb1–O123 3.439 3.046 Pb1–O122′–Pb2 118.8 115.6

Pb2–O122′ 2.624 2.512 Pb1–O123–Pb2 92.2 97.8

Pb2–O123 2.273 2.324 Pb1–O123–Pb3 98.9 103.4

Pb3–O11′3 2.593 2.410 Pb2–O122′–Pb2′ 102.0 106.7

Pb3–O123 2.204 2.246 Pb2–O123–Pb3 107.5 106.9

Pb1–Pb1′ 3.729 3.789 O11′3–Pb1–O11′3′ 72.4 67.4

Pb1–Pb2 4.192 4.069 O11′3–Pb1–O123 57.8 59.3

Pb1–Pb3 4.362 4.183 O11′3–Pb1–O12′3′ 120.0 119.0

Pb2–Pb2′ 4.077 4.031 O11′3–Pb3–O123 75.9 72.9

Pb2–Pb3 3.612 3.671 O122′–Pb1–O11′3 92.3 95.3

Pb2–Pb3′ 6.722 6.593 O122′–Pb1–O123 61.1 63.9

Pb3–Pb3′ 7.878 7.440 O122′–Pb2–O123 77.3 73.5

O11′3–H11′3 0977 0.981 O122′–Pb2–O1′23 111.6 108.2

O122′–H122′ 0978 0.982 O122′–Pb1–O12′3′ 122.0 127.3

O123–H123 0975 0.980 O123–Pb2–O1′23 71.2 71.0

O123–Pb3–O1′23 73.8 73.8

Pb1–O11′3–H11′3 104.9 104.7

Pb1–O122′–H122′ 105.0 103.1

Pb1–O123–H123 111.6 113.4

Pb2–O122′–H122′ 105.5 107.7

Pb2–O123–H123 120.2 115.8

Pb3–O11′3–H11′3 101.5 107.4

Pb3–O123–H123 120.6 117.3
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TABLE III
Selected structure data for [Pb6O(µ3-OH)8]2+ complex cation (Fig. 4)

Distances
10–10 m

HF B3LYP MP2 Angles, ° HF B3LYP MP2

Pb1–O11′3 2.549 2.553 2.548 Pb1–O11′3–Pb1′ 84.0 84.8 85.7

Pb1–O122′ 3.343 3.359 3.254 Pb1–O11′3–Pb3 108.9 108.5 108.9

Pb1–O123 2.597 2.594 2.575 Pb1–O122′–Pb2 81.8 81.9 83.4

Pb1–Ocentral 2.101 2.135 2.135 Pb1–O123–Pb2 91.2 92.0 92.9

Pb2–O122′ 2.255 2.277 2.292 Pb1–O123–Pb3 108.0 107.8 103.8

Pb2–O123 2.660 2.594 2.611 Pb1–Ocentral–Pb1′ 108.5 107.4 108.5

Pb2–Ocentral 2.365 2.357 2.344 Pb1–Ocentral–Pb2 114.3 114.6 114.0

Pb3–O11′3 2.191 2.216 2.213 Pb2–O123–Pb3 104.2 103.4 103.8

Pb3–O123 2.169 2.191 2.201 Pb2–O122′–Pb2′ 96.0 94.8 94.5

Pb1–Pb1′ 3.410 3.441 3.466 Pb2–Ocentral–Pb2′ 90.2 90.7 91.8

Pb1–Pb2 3.756 3.782 3.758 O11′3–Pb1–O11′3′ 65.9 65.5 64.9

Pb1–Pb3 3.863 3.874 3.879 O11′3–Pb1–O122′ 116.9 117.0 116.9

Pb2–Pb2′ 3.351 3.353 3.367 O11′3–Pb1–O123 64.7 65.4 65.2

Pb2–Pb3 3.823 3.819 3.795 O11′3–Pb1–O12′3′ 127.0 127.0 126.0

Pb2–Pb3′ 6.132 6.136 6.126 O11′3–Pb1– 75.7 75.8 74.9

Pb3–Pb3′ 6.860 6.880 6.871 O11′3–Pb3–O123 78.3 78.2 77.4

O11′3–H11′3 0.948 0.971 0.973 O122′–Pb1–O123 71.7 71.0 70.8

O122′–H122′ 0.949 0.971 0.974 O122′–Pb1– 49.8 49.6 50.3

O123–H123 0.949 0.971 0.974 O122′–Pb2–O123 91.4 90.3 88.2

O122′–Pb2–O1′23 135.8 135.8 134.2

O122′–Pb2– 67.1 67.0 65.4

O123–Pb1–O1′23 142.1 140.8 140.0

O123–Pb1–Ocentral 74.7 74.3 73.7

O123–Pb2–O1′23 65.4 66.4 67.0

O123–Pb2–Ocentral 69.6 69.7 69.9

O123–Pb3–O1′23 83.1 83.5 81.8

Pb1–O11′3–H11′3 116.7 117.2 116.9

Pb1–O122′–H122′ 135.0 139.8 139.4

Pb1–O123–H123 117.8 118.5 118.2

Pb2–O122′–H122′ 124.3 122.3 121.5

Pb2–O123–H123 114.3 114.9 114.2

Pb3–O11′3–H11′3 117.0 116.3 115.7

Pb3–O123–H123 117.6 116.6 116.2



Very low Pb–O–Pb angles (Tables I–III) are associated with longer Pb–O
distances which indicate weaker Pb–O bonds. Shorter Pb(1)–Pb(1′),
Pb(1)–Pb(2), Pb(1)–Pb(3) and Pb(3)–O(11′3) interatomic distances (and
lower corresponding Pb–O–Pb angles) may be observed in the systems with
O(central) atom. The presence of two additional µ3-O(122′)H(122′) bridges
is associated with shorter Pb(1)–O(123), Pb(1)–O(central) and Pb(3)–O(123)
interatomic distances whereas the Pb(1)–Pb(1′) and Pb(2)–O(123) ones are
longer. The presence of both O(central) and two µ3-O(122′)H(122′) bridges
in [Pb6O(µ3-OH)8]2+ causes enormous elongation of Pb(1)–O(122′) bonds.

Despite being a rough approximation, the comparison of the energy data
of the systems under study (Table IV) indicates that the reaction equilibria

[Pb6O(µ3-OH)8]2+ → [Pb6O(µ3-OH)6]4+ + 2 OH– (1)

[Pb6(µ3-OH)8]4+ + 2 OH– → [Pb6O(µ3-OH)8]2+ + H2O (2)

should be shifted to the [Pb6O(µ3-OH)8]2+ formation whereas the equilibrium

[Pb6(µ3-OH)8]4+ → [Pb6O(µ3-OH)6]4+ + H2O (3)

indicates comparable concentrations of both hexalead complex cations un-
der normal conditions. These conclusions are valid for the total energies in-
dependent on the zero-point-energy (ZPE) corrections. Unfortunately, ZPE
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TABLE IV
Energy characteristics of the systems under study (with and without ZPE correction)

Energy, a.u.
HF
no

B3LYP
no

MP2
no

HF
yes

B3LYP
yes

Total energy

OH– –76.37245 –75.77055 –75.56978 –75.36342 –75.76225

H2O –76.04695 –76.44505 –76.24288 –76.02370 –76.42359

[Pb6O(µ3-OH)6]4+ –546.04695 –550.16142 –548.51117 –546.72790 –550.07292

[Pb6(µ3-OH)8]4+ – –626.62532 –624.76300 – –626.51308

[Pb6O(µ3-OH)8]2+ –698.742615 –702.91119 –700.85513 –698.61991 –702.79746

Reaction energy

Reaction (1) 1.17462 1.20868 1.20441 1.16517 1.20005

Reaction (2) – –1.18984 –1.19549 – –1.18348

Reaction (3) – 0.01884 0.00894 – 0.01657



corrections to MP2 energy data cannot be evaluated due to technical prob-
lems (very large complex cations with more than 220 orbitals).

The charge distribution (Tables V–VII) over Pb, O and H atoms depends
on the total cluster charge but the highest negative charge is located at
O(central) whereas the O(122′) charge is the least negative. O(central)
causes higher polarity of Pb–O bonds. As in our previous studies16,17, all
Pb–Pb interactions are weakly antibonding and the clusters are held toge-
ther exclusively by relatively weak Pb–O bonds (overlap populations below
one third of those of O–H). O(central) is bonded to Pb stronger than OH
bridges (compare overlap populations). The advantage of O(central) over
two µ3-O(122′)H(122′) bridges lies in stronger Pb(1)–O(123), Pb(2)–O(123)
and Pb(3)–O(11′3) bonds (higher overlap populations). The effects of
O(central) and two µ3-O(122′)H(122′) bridges in [Pb6O(µ3-OH)8]2+ are not
fully cooperative (compare our previous conclusions16 on contradicting
bonding mechanisms of µ3-OH and µ2-OH bridges). Their absence is the
reason for [Pb6O(µ3-OH)6]6+ instability.
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TABLE V
Electronic structure data for [Pb6O(µ3-OH)6]4+ complex cation (Fig. 2)

Atomic
charges

HF B3LYP MP2 Overlap populations HF B3LYP MP2

Pb1 1.519 1.263 1.332 Pb1–O11′3 0.002 0.002 0.006

Pb2 1.525 1.279 1.337 Pb1–O123 0.029 0.067 0.043

Pb3 1.554 1.326 1.401 Pb1–Ocentral 0.036 0.069 0.065

O113 –1.063 –0.850 –0.923 Pb2–O123 0.005 0.023 0.057

O123 –1.068 –0.851 –0.922 Pb2–Ocentral 0.015 0.056 0.054

Ocentral –1.340 –1.021 –1.066 Pb3–O11′3 0.008 0.043 0.034

H113 0.411 0.388 0.398 Pb3–O123 0.013 0.053 0.043

H123 0.427 0.404 0.416 Pb1–Pb1′ –0.051 –0.061 –0.046

Pb1–Pb2 –0.024 –0.026 –0.022

Pb1–Pb3 –0.032 –0.039 –0.012

Pb2–Pb2′ –0.022 –0.023 –0.019

Pb2–Pb3 –0.013 –0.015 –0.028

O11′3–H11′3 0.325 0.308 0.295

O123–H123 0.329 0.312 0.300
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TABLE VI
Electronic structure data for [Pb6(µ3-OH)8]4+ complex cation (Fig. 3)

Atomic charges B3LYP MP2 Overlap population B3LYP MP2

Pb1 1.232 1.333 Pb1–O11′3 0.050 0.034
Pb2 1.282 1.352 Pb1–O122′ 0.074 0.050
Pb3 1.307 1.373 Pb1–O123 0.013 0.018
O11′3 –0.841 –0.911 Pb2–O122′ 0.027 0.019
O122′ –0.835 –0.908 Pb2–O123 0.064 0.049
O123 –0.846 –0.918 Pb3–O11′3 0.029 0.025
H11′3 0.379 0.385 Pb3–O123 0.069 0.056
H122′ 0.378 0.395 Pb1–Pb1′ –0.035 –0.025
H123 0.396 0.407 Pb1–Pb2 –0.013 –0.011

Pb1–Pb3 –0.005 –0.007
Pb2–Pb2′ –0.031 –0.021
Pb2–Pb3 –0.047 –0.029
O11′3–H11′3 0.302 0.290
O122′–H122′ 0.304 0.294
O123–H123 0.315 0.301

TABLE VII
Electronic structure data for [Pb6O(µ3-OH)8]2+ complex cation (Fig. 4)

Atomic charges HF B3LYP MP2 Overlap population HF B3LYP MP2

Pb1 1.489 1.179 1.265 Pb1–O11′3 0.007 0.033 0.023
Pb2 1.454 1.143 1.222 Pb1–O122′ 0.009 0.016 0.016
Pb3 1.408 1.141 1.223 Pb1–O123 0.003 0.027 0.015
O11′3 –1.049 –0.836 –0.908 Pb1–Ocentral 0.033 0.077 0.072
O122′ –1.032 –0.826 –0.890 Pb2–O122′ 0.023 0.066 0.055
O123 –1.045 –0.834 –0.906 Pb2–O123 –0.010 0.016 0.006
Ocentral –1.383 –1.063 –1.118 Pb2–Ocentral 0.031 0.061 0.058
H11′3 0.375 0.347 0.361 Pb3–O11′3 0.037 0.075 0.068
H122′ 0.375 0.375 0.375 Pb3–O123 0.053 0.092 0.081
H123 0.381 0.354 0.371 Pb1–Pb1′ –0.034 –0.047 –0.035

Pb1–Pb2 –0.019 –0.023 –0.016
Pb1–Pb3 –0.010 –0.015 –0.010
Pb2–Pb2′ –0.037 –0.048 –0.037
Pb2–Pb3 –0.016 –0.021 –0.016
O11′3–H11′3 0.330 0.309 0.296
O122′–H122′ 0.337 0.312 0.300
O123–H123 0.330 0.309 0.297



The various levels of calculations used in our study exhibit many similar
trends mentioned above but many differences may be observed as well. The
Hartree–Fock treatment gives higher atomic charges and weaker Pb–O
bonds whereas O–H bonds are stronger than indicated by MP2 data. B3LYP
data exhibit the same for O–H bonds whereas the reverse relations for
atomic charges and Pb–O bonds may be observed. The existence of differ-
ent trends at various levels of theory must be treated carefully (e.g. instabil-
ity of [Pb6(µ3-OH)8]4+ at Hartree–Fock level is an artifact).

CONCLUSIONS

It may be concluded that both [Pb6O(µ3-OH)6]4+ (Fig. 2) and [Pb6(µ3-OH)8]4+

(Fig. 3) as well as [Pb6O(µ3-OH)8]2+ (Fig. 4) complex cations in boat-shaped
geometries might be stable in real systems. The fact that [Pb6O(µ3-OH)8]2+

has not been observed experimentally might be attributed to the environ-
mental influence of water because polar solvents prefer the formation of
cations with higher charges. This influence is of lower importance in the re-
action (3) due to equal charges of both hexalead cations. Our results indi-
cate that [Pb6O(µ3-OH)6]4+ and [Pb6(µ3-OH)8]4+ may coexist in water solu-
tions in comparable concentrations. Solvent X-ray data2 cannot reject any
of these structures and the reliability of our MP2 results is confirmed by
known solid X-ray structures3–5. In agreement with our previous stud-
ies16,17, the crucial role of weak Pb–O bonds for the stability of the whole
complex cation has been confirmed. Their absence causes instability of the
structure due to mutual repulsion of lead atoms. Nevertheless, further theo-
retical studies on Pb–O bonding as well as on solvent effects are desirable
for better understanding the problem as a whole.
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